Order-disorder phase transition of the ferromagnetic Ising model is investigated on a series of twodimensional lattices that have negative Gaussian curvatures. Exceptional lattice sites of coordination number seven are distributed on the triangular lattice, where the typical distance between the nearest exceptional sites is proportional to an integer parameter n. Thus, the corresponding curvature is asymptotically proportional to −n −2 . Spontaneous magnetization and specific heat are calculated by means of the corner transfer matrix renormalization group method. For all the finite n cases, we observe the mean-field-like phase transition. It is confirmed that the entanglement entropy at the transition temperature is linear in (c/6) ln n, where c = 1/2 is the central charge of the Ising model. The fact agrees with the presence of the typical length scale n being proportional to the curvature radius.
I. INTRODUCTION
Quantum and statistical phenomena under nonEuclidean geometry have been attracting research interests in a number of physical systems. For example, experiments on magnetic nano-structures [1] [2] [3] have been performed in connection with soft materials exhibiting a conical geometry [4] . One can list investigations on the quantum gravity [5, 6] , lattice dislocations of the solidstate crystals, complex networks [7, 8] such as neural systems and complicated web connections.
The focus of the present analysis lies in classical lattice spin models, for which the thermal property is influenced by the non-flatness of the underlying lattice. As typical examples, phase transitions on regular twodimensional hyperbolic lattices have been studied for the Ising model [9] [10] [11] , the q-state clock models [12, 13] , the XY -model [14] , and the frustrated J 1 -J 2 Ising model [15] . In these studies, the hyperbolic lattices are constructed by means of the tessellation of regular polygons with p sides, where the coordination number, q, satisfies the hyperbolic condition (p−2)(q−2) > 4. Such uniform hyperbolic lattices are conventionally called the (p, q) lattice, and their Hausdorff dimension is infinite [16, 17] . The observed phase transitions in numerical studies qualitatively agree with the mean-field approximation. In particular, the second-order phase transition with the Landau mean-field universality has been observed for the Ising model [18] . The origin of the mean-field behavior has not been clarified yet.
A key feature of the phase transitions on the hyperbolic (p, q) lattices is that the correlation length remains finite even at the transition temperature [17, 19] . The fact suggests the presence of an inherent length in each (p, q) lattice, the length which violates the realization of the scale invariance at criticality. One can conjecture that the length is related to the curvature radius r = 1/ √ −K, where K is the Gaussian curvature on a hyperbolic plane. As long as we observe (p, q) lattices only, it is non-trivial to confirm this conjecture, since the radius r is of the order of the lattice constant even on the (3, 7) lattice, which is less curved than the cases with p = 3 and q ≥ 8.
In this article we propose a way to construct a series of two-dimensional lattices formed by tessellation of the triangles (p = 3), where the absolute value of the averaged curvature K is smaller than the (3, 7) lattice. Such a slightly curved lattice is obtained by distributing exceptional lattice sites of the coordination number seven within the triangular lattice in such manner that the typical distance between nearest exceptional sites is proportional to an integer parameter n. Under such construction, the corresponding curvature K is asymptotically proportional to n −2 , and the radius r is proportional to n. We calculate thermodynamic properties of the Ising model on the series of weakly curved lattices by means of the corner transfer matrix renormalization group (CTMRG) method [20] , which is based on Baxter's corner transfer matrix (CTM) scheme [21] . As a quantity that captures the length scale, we focus on the entanglement entropy at the transition temperature. As we show in the following, the entropy scales as (c/6) ln n, where c = 1/2 is the central charge of the Ising model. The fact supports the conjecture on the presence of a finite length scale, which is related to the curvature radius at the transition temperature.
The paper is organized as follows. Section II is devoted to the construction of the series of slightly curved lattices constructed by the triangular tessellation. We evaluate the curvature K and the corresponding radius r in two ways, one is the averaged curvature on the whole lattice, and the other one is obtained around the center of the lattice. Both evaluations are in agreement with the asymptotic form of the curvature, which is proportional to n −2 . In Sec. III we derive thermodynamic quantities by means of the CTMRG method, which is modified for the series of the lattices. We obtain the spontaneous magnetization, specific heat, and the entanglement entropy. The obtained results are summarized in the last section. 
II. HYPERBOLIC LATTICES
Throughout this article we consider the Ising model on two-dimensional lattices being either flat or negatively curved. The Hamiltonian is written as
where σ i = ±1 represents the Ising spin on the lattice site labeled by i, and the notation i, j denotes the nearest neighboring sites. We assume that the interaction is ferromagnetic (J > 0), and we always keep in mind the possibility of obtaining the partition function
numerically, by means of the CTMRG method [17, 20] . Under these requirements, we have chosen the following candidates of the curved lattices. Let us start from the (p, q) lattice, which is a tessellation of regular polygons with p sides, where the coordination number around each site is q. We restrict ourselves to the case of p = 3 throughout this article. Figure 1 shows two examples, a triangular (planar) (3, 6) lattice and a hyperbolic (3, 7) lattice. The latter is drawn inside the so-called Poincare disk because the (3, 7) lattice has a non-Euclidean geometry. Although the triangles inside the Poincare disk are deformed and shrunk toward the border of the circle, which corresponds to the infinity, the interaction coupling J remains constant everywhere, and so does the actual sizes of the triangles. The blue dashed lines divide the lattice into q equivalent parts, C, which are called the corners.
The (3, q) lattice can be constructed by means of recursive extensions [17] . In order to simplify the discussion, we start from the (3, 6) lattice. The smallest unit we consider is not a equilateral triangle. Instead, we chose a rhombus W consisting of two adjacent equilateral triangles. We introduce other two objects, parallelograms (or stripes) L M and R M created by joining M number of rhombi W in one direction. Let us write such joining process by using formal recursive equations
initiated from L 1 = R 1 = W. These products on the right-hand side represent the joining of parts in a pictorial (or diagrammatic) manner. We also need to introduce another extended rhombus C M of the size M by M satisfying the formal joining relation
starting from C 1 = W. We often call C M a corner. Hence, we can consider a star-shaped area proportional to the size M that is constructed by joining six corners that are formally represented as (C M ) 6 . The red lines in Fig 
where the details can be found in Ref. [17] . Notice that the extension to the hyperbolic (3, 7) lattice also follows a recursive construction. Compared with the extension process in Eqs. (3) and (4) of the (3, 6) lattice, the righthand sides of Eq. (5) contain an extra corner C M , and this insertion realizes the coordination number seven within the whole lattice. The areas on the right side of Fig. 1 , bordered by the red lines, correspond to the 'star-shaped' lattices (C 1 ) 7 and (C 2 ) 7 . On the (3, 7) lattice, the total number of the lattice sites grows exponentially with M [22] .
Among the (3, q) lattices satisfying the hyperbolic condition q > 6, the (3, 7) lattice exhibits the least curvature in the sense that the absolute value of its curvature, |K|, is the smallest. The curvature radius r = 1/ √ −K ≈ 0.917 is already of the order of the lattice constant [17] , in contrast to r = ∞ in the (3, 6) lattice. In this respect, the (3, 7) lattice is 'too far' from the (3, 6) lattice. We have to construct such lattices that have the curvature radii in between, i.e., 0.917 < r < ∞, in order to quantify the effect of the non-zero curvature to the order-disorder phase transition. We, therefore, consider such a lattice that consists of triangles, and the lattice sites contain a mixture of the coordination numbers six and seven. As the number of the lattice sites with the coordination number seven decreases, such a mixed lattice approaches the flat triangular (3, 6) lattice. We use the term 'exceptional' lattice site for such sites that have the coordination number seven.
There are many sequential methods to generate mixed lattices. We have chosen the following extension scheme
to analyze the property of the Ising model on this lattice. These processes are almost the same as the extension scheme in Eqs. (3) and (4) for the (3, 6) lattice, but when M is a multiple of an integer parameter n, we insert an additional corner C M in the extension process from C M to C M+1 . This process adds the exceptional lattice site with the coordination number seven whenever (M mod n) = 0. Note that we used the extension process of L M and R M as in Eq. (3). This restriction keeps the corner C M symmetric to the spatial inversion, the property which is convenient for numerical calculations by the CTMRG method. On the other hand, this simplification introduces a slight inhomogeneity to the lattice, which should be considered carefully.
Whenever we obtain the extended corer C M+1 shown as Eq. (6), we consider the joined lattice area made of the six corners which can be formally represented as (C M+1 ) 6 . Figure 2 shows the two examples of such 'star-shaped' regions for M = 5 in the cases when n = 1 (left) and n = 2 (right). The filled dots (in red) emphasize those exceptional lattice sites, where the additional corners have been inserted.
A. Coordination number
Looking at the extension process in Eq. (6), one finds that total number of the lattice sites N n (M ) exponentially increases with M for arbitrary finite n. When n is a multiple of M , this counting is easily performed by a recursive formula shown in Appendix, and generalization to the arbitrary n is straightforward. Having counted the total number of the lattice sites in the whole lattice area (C M ) 6 created by Eq. (6), we obtain
where we introduced a double-nested greatest integer (floor) function in the exponent; the floor function has the following form
In the same manner, we can obtain the number of the exceptional sites
for any set of n and M . This number is consistent with the cases shown in Fig. 2 , where S 1 (5) = 90 on the left and S 2 (5) = 18 on the right. Considering the asymptotic limit M → ∞, the ratio between N n (M ) and S n (M ) leads to the average density of the exceptional sites
For sufficiently large n, the density becomes proportional to n −2 . For the brevity, we introduce the averaged coordination number q n = 6 + 1 2n(3n + 1)
.
Note that q ∞ = 6 is the coordination number of the (3, 6) lattice [23] . Using the notation q n thus defined, we denote the lattice constructed by Eq. (6) as the (3, q n ) lattice. Length of the system lattice border, P n (M ), is another essential quantity that characterizes the geometry of the (3, q n ) lattice. The analytic formula of P n (M ) can be obtained as
where a simple derivation is presented in the Appendix. It should be noted that the ratio of the boundary sites to the total number of the lattice sites in the asymptotic limit
is finite and inversely proportional to n −1 . Such a dominance of the boundary sites over all lattice sites is a characteristic feature of hyperbolic lattices. Our research target, the thermodynamic property of the system at the center of the (3, q n ) lattice, is thus surrounded by a wide system boundary which increases exponentially.
B. Averaged curvature
Now, let us focus our attention to the curvature of the (3, q n ) lattice. If one looks at a small region that does not contain any exceptional lattice sites, the region is identical to the (3, 6) lattice as long as the connection of the lattice sites is concerned. The hyperbolic nature of the (3, q n ) lattice arises from the presence of the exceptional lattice sites which are distributed in a sparse manner. Thus, when we consider the curvature of the (3, q n ) lattice, we have to take a certain average over the system. Apparently such an averaged curvature is dependent to the parameter n, and we write it as K n in the following. Roughly speaking, K n should be proportional to n −2 since the natural scale of the (3, q n ) lattice is given by n. We evaluate the averaged curvature by
where r n is the corresponding curvature radius using a geometrical formula [16] 
on a hyperbolic triangle that consists the (3, q n ) lattice. We have chosen the lattice constant as the unit of the length. Substituting the asymptotic expression q n = 6 + 1/6n 2 from Eq. (11) into Eq. (15), we obtain
with the dominant coefficient 2/3π ≈ 0.212 for large n.
Complementing the evaluation of the averaged curvature, we relate the length of the lattice boundary, P n (M ), to the curvature radius r n on a hyperbolic plane
Using Eq. (14) and taking the limit M → ∞, we obtain
where the prefactor (ln 2) 2 ≈ 0.48. To summarize, we have evaluated the averaged curvature on the (3, q n ) plane in two ways, and both of them lead to K n ∝ −n −2 .
III. NUMERICAL RESULTS
In this section we study the phase transition of the Ising model on the sequence of the non-Euclidean (3, q n ) lattices, in particular,
The Hamiltonian is given by Eq. (1), and without loss of generality, the coupling constant J and the Boltzmann constant k B are chosen to be unity. All thermodynamic functions are considered in dimensionless units. Since the elementary unit of (3, q n ) lattice is the rhombus-shaped W, it is natural to attribute the Boltzmann weight to each W. Suppose that the Ising spins σ i , σ j , σ k , and σ l are placed on the corners of the rhombus. The corresponding Boltzmann weight W is given by
where the diagonal interaction acts between the spins σ j and σ l . Taking the tensor product among weights W, one can gradually expand the size of the Boltzmann weights L M and R M . These weights are called the half-row transfer matrices. Analogously, the expanding weight C M is called the corner transfer matrix. The procedure of obtaining the transfer matrices represent a generalized version of the CTMRG method applied to the (3, 7) lattice which is studied in detail in Ref. [17] . Consequently, the 'reduced' density matrix is a partial trace of the corner transfer matrices
where we explicitly include the parameter n in ρ n (M ).
In the following we omit the size dependence on M of the reduced density matrix to simplify the formulae. Taking the complete trace of the reduced density matrix leads to the partition function [20] Z n = Tr ρ n
of the star-shaped lattice area. In our numerical calculations by CTMRG, we keep up to m = 200 block spin states [9, 18, 20] , where we have confirmed that all the data are converged with respect to m. As the system size M increases, C M approaches its thermodynamic limit during the numerical calculations. Note that C M possesses a minor dependence on M , since we keep inserting of the exceptional lattice sites at every n th extension step in accord with Eq. (6). We can either consider the cases where M is multiple of n or take the average among the minor fluctuations. There is, however, no qualitative difference in the two choices, and we have chosen the latter one. Spontaneous magnetization provides information in the ordered phase. Figure 3 displays the temperature dependence of the bulk spontaneous magnetization
which measures the average polarization of the spin σ c at the center of the lattice system. For comparison, we also show the magnetization on the flat (3, 6) lattice, denoted by n → ∞, as well as on the hyperbolic (3, 7) lattice, denoted by n = 0 [17] ; we use the analogous notation (by the subscript n) for other thermodynamic quantities. The phase transition temperature T n monotonously decreases with n and approaches the analytically known values T ∞ = 4/ ln 3 ∼ 3.64096 [21] on the flat (3, 6) lattice. Roughly speaking, the difference T n − T ∞ is inversely proportional to n. Just below the transition temperature the power-law behavior
is expected. In order to detect the magnetic exponent β n from the numerically calculated M n (T ), we use the derivative
within the ferromagnetic ordered phase T ≤ T n . Figure 4 shows β n (T ) thus obtained. When T n − T is relatively large, β n (T ) follows the Ising universality where β = 1 8 , however, in the neighborhood of the transition temperature T n , the magnetic exponent β n for finite n increases and tends to β n = 1 2 , the value which represents the mean-field universality class. The internal energy at the center of the system is represented as
where σ c and σ c ′ are, respectively, the spin at the center of the system and a neighboring one. Figure 5 shows the specific heat c n (T ), which is obtained by taking the numerical derivative of U n (T ) with respect to the temperature T . The maxima of the specific heat for large n are not obtained precisely, because U n (T ) around T = T n is very sensitive to a tiny numerical error. The discontinuity in c n (T ) for finite n supports the fact that the transition is of the mean-field nature. Note that small differences of the specific heat, c n (T ), in the disordered region T ≥ T n for various n is close to c ∞ (T ) on the flat (3, 6) lattice. This suggests a transient behavior from the Ising universality to the mean-field one which happens within the disordered phase.
As an independent measure of the phase transition, we look at the entanglement entropy S n , which can be directly computed from the reduced density matrix spectrum
where the reduced density matrices are normalized satisfying the condition Tr ρ n = 1. Figure 6 shows S n (T ), where the peak values, S n (T n ), are shown in the inset. If the curvature radius r n controls the typical length scale at the transition temperature, it is expected that S n (T n ) behaves as
where c is the central charge of the system. As shown in Fig. 6 , the increase in S n (T n ) is close to the value (ln 2)/12 = 0.05776 when n doubles, and the fitted value of the slope in the inset gives c ∼ 0.48. This value is consistent with c = 1/2 in the Ising universality class. For this reason, our conjecture about the presence of the typical length scale at T n , which is proportional to n (r n ∝ 1/n), is numerically supported.
IV. CONCLUSIONS
We have investigated the thermodynamic property of the Ising model on the slightly curved (3, q n ) lattices, where q n represents the averaged coordination number.
We used the CTMRG method to calculate the thermodynamic functions around the phase transition temperature. Spontaneous magnetization suggests a transient behavior from the Ising universality class to the mean-field one. The specific heat shows a similar transient behavior from the high temperature side. The entanglement entropy calculated by the density matrix spectra takes its maximum at the phase transition temperature, where the peak value is proportional to the logarithm of the curvature radius of the (3, q n ) lattice. These facts support the presence of a finite thermodynamic length scale at the transition temperature which is proportional to the curvature radius. Far away from the transition temperature, the thermal correlation length is much shorter than n, therefore, there is no difference between the flat (3, 6) and the (3, q n ) lattices as long as the thermal property is concerned. As the temperature approaches the transition temperature, the presence of the length scale prevents the realization of the criticality without the typical length scale. This could be the reason of the transient behavior from the Ising universality to the mean-field one.
where the initial condition is given by
Solving the recursion relation, we have f (X) = 2 X−1 (6n 2 +2n)−(2n 2 −n)X −3n 2 −n+1 . (A4)
In the same manner, we can obtain the number of the special points g (X) inside the corner C M=nX , where the recursion relation in this case can be written as g (X) = 2 g (X−1) + 1 (A5) starting with the initial condition g (1) = 0. We get
To count the length of the lattice border, we introduce the number of the border sites h (X) on the corner C M=nX , where the border length of the star-shaped region (C M=nX ) 6 is 6 h (X) − 6. The recursion relation, h (X) = 2 h (X−1) − 1 + 2(n + 1) − 2 (A7)
starting from the initial condition
draws the analytic form of the length h (X) = 2 X+1 n − 2n + 1 .
Expressions for N n (M ), S n (M ), and P n (M ) for arbitrary M are easily obtained if one considers the fact that these numbers change polynomially with respect to M between M = nX and M = (n + 1)X; the exponential increase of the lattice sites happens only when the additional corners are inserted in each n th step.
